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BOUNDARY BEHAVIOR OF ANALYTIC FUNCTIONS OF TWO 
VARIABLES VIA GENERALIZED MODELS 
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$_i , Abstract. We describe a generalization of the notion of a Hilbert space model of a 

function in the Schur class of the bidisc. This generalization is well adapted to the 
investigation of boundary behavior at a mild singularity of the function on the 2-torus. 
We prove the existence of a generalized model with certain properties corresponding to 
such a singularity and use this result to solve two function-theoretic problems. The first 
of these is to characterise the directional derivatives of a function in the Schur class at a 
singular point on the torus for which the Caratheodory condition holds. The second is 
l "^. ' to obtain a representation theorem for functions in the two- variable Pick class analogous 

r \ , to the refined Nevanlinna representation of functions in the one-variable Pick class. 

rd 

■*— > 

1. Introduction 

In this paper we solve two problems about analytic functions of two variables using a 
variant of the notion of a Hilbert space model of a function. One problem concerns the 
generalization to two variables of a classical representation theorem of Nevanlinna, while 
qq ■ the other is quite unlike any question that arises for functions of a single variable. Both 

VO ! relate to behavior of functions at boundary points of their domains. 

^^ The first problem is: what directional derivatives are possible for a function in the two- 

variable Schur class S2 at a singular point on the 2-torus T 2 ? To clarify this question let 
us consider the rational function 



#) = ^|^*, A6B*, (1.1) 

/\ . where D denotes the open unit disc. This function belongs to £2 (that is, it is analytic 

and bounded by 1 in modulus on B 2 ). It has a singularity at the point x = (1) 1) £ "I" 2 ) 
in that ip does not extend analytically (or even continuously) to x- Nevertheless ip has 
nontangential limit 1 at x> an d so we may define <p(x) to be 1. Despite the fact that 
ip is discontinuous at Xt the directional derivative D_s^p(x) exists for every direction —5 
pointing into the bidisc at x, an d 

n 1 \ 2< ^ 2 

D-snx) = - jj— — r 
c>i + 02 

= ^p(x)S2h(S 2 /5 1 ) (1.2) 
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where h(z) = -2/(1 + z). 

Remarkably enough, a similar statement holds in great generality [3j Theorem 2.10]. 
If <p S 1S2 has a singularity at \ an d f satisfies a weak regularity condition at \ (the 
Caratheodory condition, explained in Section [2]) then Dspix) exists for all relevant di- 
rections 5, and furthermore there exists an analytic function h on the upper halfplane 

n = {z : Im z > 0} 

such that both h(z) and —zh{z) have non-negative imaginary part and the directional 
derivative D^s^ix) is given by equation (II. 2p . We call /i the s/ope function for </j at X- 
The problem, then, is to find necessary and sufficient conditions for a function /i on IT 
to be the slope function of some member of 1S2. It transpires that the stated necessary 
conditions on h are also sufficient for h to be a slope function (Theorem 16.21 below) . 

The second problem is to generalize to two variables a theorem of Nevanlinna which 
plays an important role in one proof of the spectral theorem for self- adjoint operators. 
Nevanlinna's theorem gives an integral representation formula for the functions in the 
Pick class V (the analytic functions on II having non- negative imaginary part) that satisfy 
a growth condition on the imaginary axis; it states that such functions are the Cauchy 
transforms of the finite positive measures on the real line K. Nevanlinna's growth condition 
can be regarded as a regularity condition at the point 00 on the boundary of II. We obtain 
an analogous representation for functions in the two-variable Pick class that satisfy a 
suitable regularity condition at 00, but rather than an integral formula we get an expression 
involving the two- variable resolvent of a densely defined self-adjoint operator on a Hilbert 
space (Theorem I7.3p . 

To solve these two problems we modify the notion of model so as to focus on the 
behavior of a function ip £ S2 near a boundary point at which ip satisfies Caratheodory's 
condition (see Definition 12.21 below). A model of an analytic function ip on the polydisc D 
is a pair (A4,u) where Ai is a separable Hilbert space with an orthogonal decomposition 
M = M\ © • • • © Md and u : B d -$■ C is an analytic map such that, for all A,/i£ B d , 



1 - tpfaMX) = ((1 - I(m)*I(A))«a, u„> , (1-3) 

where /(A) = A1P1 + • • • + XdPd an d Pj is the orthogonal projection on Mj. This notion 
is particularly effective in the case d = 2, since every function in £2 has a model [2]. We 
used models, and their accompanying realizations, in [3] to prove a Caratheodory theorem 
for functions in 1S2, but for our present purpose it is too restrictive to require that I(\) 
in equation (|1.3p be linear in A. By allowing /(.) to be a general operator-valued inner 
function on D 2 we acquire greater flexibility. In Theorem 13.61 we prove the existence of a 
model of ip € S2, of this more general type, with special properties relative to a boundary 
point at which (p satisfies Caratheodory's condition. Such generalized models then provide 
the main tool for the solution of our two problems. 

The paper is organized as follows. In Section [2] we recall some definitions and discuss 
the Caratheodory condition. In Section[3]we define generalized models and prove the main 
existence theorem for them. In Section H] we use generalized models to give an alternative 
proof of the existence of directional derivatives and slope functions. In Section [5] we derive 
an integral representation formula for functions h on II such that both h and —zh belong to 
the Pick class, and in Section [6] we use this integral representation to construct a function 
in 1S2 having slope function h at a point on the torus. In Section [7] we prove a two- variable 
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analog of Nevanlinna's representation theorem for functions in the Pick class subject to a 
growth condition on the imaginary axis. 

2. Carapoints 

C. Caratheodory in [6] proved that if a function (p in the one- variable Schur class satisfies 

liminf l-|^(A)l <oo (21) 

X^t 1 - |A| 

for some r € T then not only does ip have a nontangential limit at t, but it also has 
an angular derivative ip'(r) at r, and ip'(X) — > p'(t) as A tends nontangentially to r in 
B. Here nontangential limits are defined as follows. For any domain U and for r in the 
topological boundary dU of U we say that a set S C U approaches r nontangentially if 
re5", the closure of S, and 



rji 



AgS> is bounded. 



\dlst(X,dU) 
We say that a function 93 on U has nontangential limit £ at r, in symbols 



if 



lim </?(A) 
A— >r 



lim 99(A) 

A->r 
AGS 



for every set 5 1 C U that approaches r nontangentially. 

Caratheodory's result has been generalized by several authors, notably by K. Wlodarczyk 
[12], W. Rudin p], F. Jafari [8], M. Abate jT] and two of us with J. E. McCarthy 0. 
Caratheodory's condition (|2.ip generalizes naturally to holomorphic maps <p :[/—?> V for 
any pair of bounded domains U, V in complex Euclidean spaces of finite dimensions. For 
any r in dU we say that ip satisfies the Caratheodory condition at t, or that r is a carapoint 
for ip, if 

lim inf ,. V 7 A ; ' rN ; < 00. (2.2) 

xeu 
In particular, when U = D , V = D and 93 £ 5^, r is a carapoint for ip if 

. r l-[y(A)| , 

lim mi — — - — < 00. 

A^T 1 — ||A||oo 

Likewise, if ip is a contractive operator- valued analytic function on B , r € T is a carapoint 
for ip if 

liminf [ < 00. 

X^T 1 — ||A||oo 

Of course any point in T at which tp is analytic is a carapoint for ip, but we are concerned 
here with singular carapoints. We say that an analytic function ip on a domain U is 
singular at a point r G <9t/ if there is no neighborhood W of r such that 93 extends to an 
analytic function on U U W. 

In Section [7] we shall also define carapoints at infinity for certain unbounded domains 
U and V. 
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Not all the conclusions of Caratheodory's Theorem hold even for S2 '■ for tp of the 
example (|l.lj) of Section [H x is a carapoint, but since D-gtp(x) is n °t linear in 5, it is not 
the case that tp has an angular gradient at x- Indeed, the interest in the first of our two 
problems is precisely in carapoints at which there is no angular gradient. However it is 
true for all the cases considered in this paper that if r G dU is a carapoint for tp : U — >■ V 
then <p has a nontangential limit at r [12J . This limit will be denoted by <p(r); it is obvious 
that tp(r) G dV . 

Here is some more terminology and notation. We denote by EI the right halfplane 
{zeC: Re z > 0}. An operator-valued analytic function I on B is said to be inner if 
I{\) is a unitary operator for almost all A G T with respect to Lebesgue measure. The 
Schur class of the polydisc B is the set of analytic functions from ID to the closed unit 
disc B~ and is denoted by Sd- 

3. Generalized models of Schur-class functions 

In the definition of a model of a function tp : B^ — > C (see equation fjl.3|) above), the 
co-ordinate functions have a privileged position through the definition of J(.) as linear in 
the co-ordinates. One consequence is that any singular behavior of 99 at a boundary point 
must be reflected in singular behavior of u, rather than /(.), near that point. A simple 
relaxation of the definition of model enables us to concentrate information about singular 
behavior in the inner function J(.) instead, and this proves helpful for the two problems 
we study here. 

Definition 3.1. Let <p : H> d — > C be analytic. The triple (A4,u,I) is a generalized model 

of ^ if 

(1) M is a separable Hilbert space, 

(2) u : B — )■ M is analytic, and 

(3) I is a contractive analytic C{M) -valued function on B 
such that the equation 



1 - tp(fiMX) = ((1 - J(m)*J(A))«a,^> ( 3J ) 

holds for all X, fi G B d . 

The generalized model (M,u,I) is inner if I(.) is inner. 

Clearly, in the case that I(X) = X\Pi + • • • + XdPd, we recapture the notion of model in 
the previous sense. 

A well-known lurking isometry argument proceeds from a model (M,u) of a function 
tp G Sd to a realization of <p [2]. The identical argument applied to a generalized model 
(Ai,u, I) produces a generalized notion of realization. 

Theorem 3.2. If (£, u, I) is a generalized model of tp G Sd then there exist a Hilbert space 
A4 containing C, a scalar a G C, vectors (3, 7 G A4 and a linear operator D : Ai — > Ai 
such that the operator 



L 



is unitary on C Ai and, for all X G 



a 1(g) /3 
7(g) 1 D 



(3.2) 



'UO-C^i- 
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and consequently, for all A G ~D d , 

<p(\) = a + (J(A)(1 - DI(X))~\ 13) . (3.4) 

Proof. By equation (ETTj) . for all A,// G B d , 

1 + (I(A)ua,/(m)«m) = v(mM^) + («A,u M ) . 
We may interpret this equation as an equality between the gramians of two families of 
vectors in C © C. Accordingly we may define an isometric operator 

1 \ . _^1 fMA) N 



Lq : span 



: AG 



span 



: AG 



J(X)u x J ■"— j — ^ UA 

by equation (|3.3|) . If necessary we may enlarge C © C to a space C © A4 in which the 
domain and range of Lq have equal codimension, and then we may extend Lq to a unitary 
operator L on C © M. □ 

The ordered 4-tuple (a, /?, 7, -D), as in equation (|3.2|) . will be called a realization of the 
(generalized) model (£, zt, 7) of ip if L is a contraction and equation (13. 3p holds. It will be 
called a unitary realization if in addition L is unitary on C © C. 

Realizations provide an effective tool for the study of boundary behavior. Here is a 
preliminary observation. 

Lemma 3.3. Suppose that 99 G Sd has a model (M,u) with realization (a,/3,7, D). Let 
t G T d be a carapoint for ip and let J\f = ker(l — Dt). Then 

7 G ran(l - Dt) C M l and t*/3 G A/"- 1 . (3.5) 

Proof. First we show that r*/3 G J\f . Let L be given by equation (|3.2j) . Choose any 
x G N '. Then x = Dtx and so 



L 





T.r 



a 

7© 1 



10/? 







Since L is a contraction and r is an isometry, 



(CC,T*/?) 



L 




rx 



(tz.0) 

Dtx 



< \\TX\ 



[x,t*/3) 

X 



\x\ 



and so (x, t*/3) = 0. Since x G A/" is arbitrary, r*/3 G A/" -1 . 

Proposition 5.17 of [3] asserts that r is a carapoint for <p if and only if 7 G ran(l — Dt). 
Now since Dt is a contraction, every eigenvector of Dt corresponding to an eigenvalue A 
of unit modulus is also an eigenvector of (Dt)* with eigenvalue A. Hence ker(l — Dt) = 
ker(l — t*D*), and we have 

7 G ran(l - Dt) C ker(l - t*D*)^ = ker(l - Dt) 1 - = M L . 

□ 

We are interested in the behavior of models at carapoints of ip G S^- Here are two 
relevant notions. 

Definition 3.4. Let (A4,u,I) be a generalized model of a function <p G Sd- A point 
t G dH) d is a B-point of the model if u is bounded on every subset of B> d that approaches 
t nontangentially. The point r is a C-point of the model if, for every subset S of H> d that 
approaches r nontangentially, u extends continuously to SL) {r} (with respect to the norm 
topology of M.). 
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As is well known, not all functions in Sd have models when d > 3. For the rest of the 
paper we restrict attention to the case d = 2; in this case it is true that every function in 
the Schur class has a model [2]. 

Our next task is to show that if a function ip G S2 has a singularity at a S-point r, 
then we can construct a generalized model of 93 in which the singularity of ip is encoded 
in an /(A) that is singular at r, in such a way that the model has a C-point at r. The 
device that leads to this conclusion is to write vectors in and operators on AA in terms of 
the orthogonal decomposition AA = M © M where Af = ker(l — Dt) and D comes from 
a realization of (Ai,u). The following observation is straightforward. 

Lemma 3.5. Let Af be a subspace of AA and let P\ be a Hermitian projection on AA. 
With respect to the decomposition Af © Af 1 - the operator Pi has operator matrix 

X B\ 



Pi = 



B* Y 



(3.6) 



for some operators X, Y, B, where 

(1) 0<X,Y < 1 

(2) BB* = X(l - X), B*B = Y(l - Y) 

(3) BY = (1 - X)B, B(l -Y) = XB 

(4) B*X = (1 - Y)B*, J3*(l - X) = YB*. 

We now construct a generalized model corresponding to a carapoint of <p € £2- 

Theorem 3.6. Let r € T 2 6e a carapoint for 99 £ S2. There exists an inner generalized 
model (A4,u,I) of p such that 

(1) t is a C-point for (A4,u, L), 

(2) / is analytic at every point A G T 2 such that X\ ^ t\ and A2 7^ T2, and 

(3) t is a carapoint for L and I{r) = 1m ■ 
Furthermore, we may express I in the form 

Tvw _ fiAiF + f 2 A 2 (l -Y) -T1T2A1A2 , . 

/(A) " l-nAxa-yj-^y (3 ' 7) 

/or some positive contraction Y on AA. 

Proof. Choose any model (C,v) of <p and any realization (a,/3o,7,-D) of (C, v). By defini- 
tion, C comes with an orthogonal decomposition C = C\ © L^- let Pi be the orthogonal 
projection on L\. Since r is a carapoint for <p we may apply Lemma 13.31 to deduce that 
7 G ran(l - Dt) and r*/3 ,7 € ker(l - Dr) 1 . 

Consider first the case that ker(l — Dt) = {0}. This relation implies that there is a 
unique vector v T G C such that (1 — Dt)v t = 7. Let (A n ) be any sequence in B 2 that 
converges nontangentially to r. We claim that v\ n — > v T . Suppose not: then since (v\ n ) 
is bounded, by [31 Corollary 5.7], we can assume on passing to a subsequence that (v\ n ) 
tends weakly to a limit x G C different from v T . By [3l Proposition 5.8] it follows that 
v\ n — > x in norm. Take limits in the equation 

(1 - D\ n )v Xn = 7 

to deduce that (1 — Dt)x = 7. Since x ^ v T , this contradicts the fact that (1 — Dt)' 1 ^ = 
{v T }. Hence v\ n — > v T . In other words v extends continuously to S U {r} for any set S 
in D 2 that tends nontangentially to r, which is to say that r is a C-point for the model 
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(£, v). The conclusion of the theorem therefore holds if we simpy take M. = C, u = v and 
/(A) = AiPi + A 2 P 2 . 

Now consider the case that ker(l — Dt) 7^ {0}. Let TV = ker(l — Dt). With respect to 
the decomposition C = M ® N we may write 



Dt 



1 
Q 



(3.8) 



and v x = ( 1 . Note that ker(l - Q) = {0}. 
Let us express A, acting as an operator on C by 

A = AiPi®A 2 (l-Pi), 

as an operator matrix with respect to the decomposition C = N ' © M , as in Lemma [3T 



A = AiPi + A 2 (l-Pi) 



X 1 X + X 2 {1-X) (Ai-A 2 )P 
(Ai-A 2 )P* AiF + A 2 (l-F) 



(3.9) 



where X, Y are the compressions of Pi to J\f, M respectively, so that < X, Y < 1 . 
Thus 



1 - DX = 1 - Dtt*X 
where X[ = fiAi, X' 2 = t 2 A 2 . Since (1 — DX)v\ 
= (1 - DX)v x 



1-(X[X + X 2 (1-X)) -(Ai 

-(X[-X' 2 )QB* i_Q(A' 1 y + A 2 (l-y)) 



A' 2 )P 



7, 



1 - (X[X + A 2 (l - X)) -(X[-X' 2 )B 

-(Ai-A 2 )QP* l-QfAiy + A^l-F)) 






from which we have the equations 

(1 - X[X - A' 2 (l - X))«; A - (Ai - A' 2 )Pn A = 
-(A; - X' 2 )QB*w x + (1 - Q(X[Y + A' 2 (l - y)))u A = 7. 

By Lemma 13.51 and equation ()3.10|) we have 

= B* ((1 - X[X - A' 2 (l - X))w A - (Ai - X' 2 )Bu x ) 
= (B* - X[B*X - X' 2 B*(1 - X))w x - (Ai - X' 2 )B*Bu x 
= (£* - Ai(l - Y)B* - X' 2 YB*)w x - (Ai - A 2 )F(1 - y)u A 
= (1 - Ai(l - Y) - X' 2 Y)B*w x - (Ai - A 2 )Y(1 - y)« A . 

Since < y < 1 it is clear from the spectral mapping theorem that 

i£a(Ai(i-y) + A' 2 y) 

for all A € B 2 , and thus equation (|3. 12[) tells us that 

(Ai - A' 2 )y(l - Y) 



(3.10) 
(3.11) 



(3.12) 



B*w x 



i-Ai(i-y)-A 2 y 



u x . 



(3.13) 
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Substituting the relation (|3.13p into (13. lip we obtain 

7 = ~(K ~ X 2 )QB*Wa + (1 - Q(X[Y + A 2 (l - Y))u x 

= "( A i " x '^ i^^ 2)Y y)-1!y Ux + (1 " Q{x ' lY + A ' 2(1 " Y))ux 



(X[ - A 2 ) 2 Y(1 - Y) 



+ X' l Y + X' 2 (l-Y)) 



u\ 



l-X[(l-Y)-X 2 Y 

(l-QI(X))u x (3.14) 



where 



_ Ajy + A 2 (l-Y)-AiA 2 
J ( A ) " 1 -X[(l-Y)-Xi 2 Y (3 ' 15) 

TiXjY + r 2 A 2 (l - F) - rir 2 AiA2 ., w , 
l_ flAl (l_y)_^A 2 y G M-M;, 

which agrees with equation (|3.7p . 

Let .M = A/" : we claim that (A4,u,I) is an inner generalized model of tp having the 
properties described in Theorem 13.61 

Firstly, it is clear from the formula (|3.15p that I is analytic on D 2 and at every point 
A G T 2 such that 1 ^ <r(A^(l — Y) + X' 2 Y). By the spectral mapping theorem and the fact 
that < Y < 1, the spectrum of Ai(l — Y) + X 2 Y is contained in the convex hull of the 
points Ai, A 2 . Hence cr(Ai(l — Y) + X' 2 Y) contains the point 1 if and only if either Ai = 1 
and G cr(Y) or A 2 = 1 and 1 G cr(Y). Thus / is analytic at points A € T 2 for which 
A'j ^ 1, A 2 t^ 1, that is, such that Ai ^ n, A 2 ^ t 2 . The function / therefore satisfies 
condition (2) of the theorem. 

We must show that I is an inner function. Indeed, if d(X) denotes the denominator of 
I(X) in equation (l3T5]l . we find that, for all A G A 2 such that 1 £ cr(Ai(l -Y) + X 2 Y), 

d(A)*(l-I(A)*I(A))d(A) = 

|1 - Ai| 2 (l - |A 2 | 2 ) + 2{Re (Ai - A 2 ) - |Ai| 2 + |A 2 | 2 + Re (A^Ai - A' 2 ))}Y. 

Hence I(X)*I(X) = \m fc> r ah A G T 2 such that Ai 7^ n, A 2 / r 2 , and therefore for almost 
all A G T 2 with respect to 2-dimensional Lebesgue measure on T 2 . Since 1(A) is clearly a 
normal operator for all such A, it follows that / is an inner £(.M)-valued function. 

Next we prove the model relation (|3.ip for (A4,u,I). Let us calculate t*Xv\ using 
equation (13. 9ft : 



W/ v( A i — A 2>^ ^x + (Ky + x' 2 (i-y))u x J M(bX± y ' 

By equations (|3.13p and ()3.16p . 

p -^ - ( i-1; i( i-m^) + ^ + ^ - ">) « 

= /(AK. 
By equation (|3.10p . 

(X[X + A' 2 (l - X))w x = w x - (Ai - A' 2 )£u A , 
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which, in combination with equation (I3.16p . yields the relation 

P M t*Xv x = (X[X + A' 2 (l - X))w x + (Ai - X' 2 )Bu x = w x 
and therefore 

AAeJV x 



T*\V X - 



Hence 

1 - y(n)ip(\) = ((1 - fi*X)v x , v fl ) c 

= (v\,v IM ) c - (Xv x ,/j,v ij ) £ 

= {w X ,w^) Af + (u x ,u fl ) Af± - {t*\v x ,t*^iv 11 ) c 

= {w X ,w^ Af +{u x ,u^) Af± - ((w x ,w fl ) Af + {I(\)u x ,I(fi)u^) M± ) 

= {(l-Ifa)*I(\))u x ,u li ) M . 

Thus (A4,u,I) is an inner generalized model of (p. 

We show next that r is a C-point for (A4,u, I). To establish this we must produce a 
vector u T G A4 such that u Xn — > u T as n — > oo for every sequence (A n ) in B 2 that converges 
nontangentially to r. 

As we observed above, r is a S-point for the model (£, v ) and 7 G ran(l — Dt). Let u T 
be the unique element of smallest norm in the nonempty closed convex set (1 — Dt)" 1 ^. 
Then u T G ker(l — Dt) 1 - = Af^, and every element of (1 — Dt)~ 1 j has the form e © u T 
for some e G AT. 

Let X T be the nontangential cluster set of v at r in the model (C,v); that is, XT- 
comprises the limits in £ of all convergent sequences (v Xn ) for all sequences (A n ) in B 2 
that converge nontangentially to r. Recall that, by [3 Proposition 5.8], a sequence (v Xn ) 
converges in norm if and only if it converges weakly in C. If x G X T is the limit of u Xn for 
some sequence (A n ) that converges nontangentially to r then, since (1 — DX n )v Xn = 7, on 
letting n->oowe find that (1 — Dt)x = 7. Thus 

X T c(l-Dr)^c{(iy.eeM 

We claim that u Xn — > u T as n — > 00 for every sequence (A n ) in B 2 that converges 
nontangentially to r. For suppose that u Xn does not converge to u T . Since v Xn , and hence 
also u Xn , is bounded, on passing to a subsequence we may suppose that u Xn — > £ for 
some vector £ 7^ u T , and by passing to a further subsequence, we may suppose that v Xn 
converges to some vector x G X T . But then 



^A 

and hence u,\ n — > i T1 which is a contradiction. We have shown that u Xn — > u T for every 
sequence (A n ) in B 2 that converges to r nontengentially; hence r is a C-point for the 
generalized model (M,u,I). 

To see that r is a carapoint for /, observe that if A = rr, where < r < 1, then 
A' = (r, r), and so by equation (|3.15p . 

U rT ) = 1 _ S± 'J- = r . 

V ; 1-r 
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Hence 

l im inf 1 -" || f W"< Umi nf 1 -" J ^>" = l. 

\^>t 1 — || A || oo r->-l 1 — r 

Thus r is a carapoint for /. 

To complete the proof of condition (3) of Theorem 13.61 we must show that I(t) = 1^, 

which by definition means that I(X) — > l_\f± as A — > r. Observe that 

rm 1 (^-i)(X' 2 -i) = = ( Al - ri )(A 2 -T 2 ) 

/(A) " l = ~ i-x[(i -y)-x' 2 y = -^i-nMi-n-^y (3 ' 17) 

Since the spectrum of the normal operator Z = A^(l — Y) + A 2 y is contained in the convex 
hull of the points A' l5 A 2 , 

dist(l,o-(Z)) > dist(T,cr(Z)) > dist(T,conv{Ai, A' 2 }) = dist((A / 1 , A 2 ), <9B 2 ) 

= dist(A,dB 2 ). 

It follows that 

||(i-A' 1 (i-y)-A' 2 yr 1 ||< 



dist(A 
and therefore 

II rm m < l A i-n||A 2 -T 2 | 

l|/(A)_111 - dist(A,3B 2 ) ■ 
If A approaches r in a set S on which 

||A-r|| 
dist(A,dD 2 ) - c<0 °' 

then, by the inequality of the means, 

||/(A)-1|| < ±c||A-r|| 

for A € S. Thus /(A) -> 1 as A 4 r. D 

A consequence of Theorem 13.61 is that <p has a generalized realization, as in Theorem 
13.21 The preceding proof yields slightly more. 

Corollary 3.7. If t € T 2 is a carapoint for ip £ 5 2 i/ten </? /tos a generalized realization 

< f (\) = a+(l(\)(l-QI(\)y\p) M 

for some /3, 7 G A4 and some contraction Q on M satisfying ker(l — Q) = {0}, where I 
is the inner function given by equation (|3.7p , having the properties described in Theorem 



Proof. In the proof of Theorem 13.61 it is clear from the definition (|3.8p of Q that Q is a 
contraction and that ker(l — Q) = {0}. From equation f|3. 14j) we have 

7 + QI(\)u\ = u\, 

and from the realization (a, /3q, 7, .D) of the model (£, v), 

ip(X) =a+ (\v x ,Po}. 

Note that, since r*/3 G AA- 1 , 

ip(X) = a+ (\v\, P ) c = a + {t*\v x , t* @ ) c = a + (P Af ±T*Xv x , t*/3 ) n ± 

= a+ (I(X)u x ,t*{3 ) m . 
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Let ft = T*f3 e M. We then have 



1 \ fa+(I(X)u x J)\ MA) N 
J(\)u x J ~ { 7 + QI(\)u x )~\u x 

and so (a, /?, 7, Q) is a generalized realization of the generalized model (M,u, I) of (p. □ 



a 1(81/3' 
7®1 Q 



We shall call the model (M,u, I) constructed in the foregoing proof of Theorem 13.61 the 
desingularization of the model (C,v) at r. The construction depends on the choice of a 
realization of the model (C,v), and so where appropriate we should more precisely speak 
of the desingularization relative to a particular realization. Of course the singularity of <p 
at r, if there is one, does not disappear; it is shifted into the inner function /, where it 
becomes accessible to analysis by virtue of the formula (|3.Tj) for I. 

Example 3.8. The inner function I(.) given by equation (|3.7|) is not in general analytic 
onT 2 \{r}. 

Let Y be the operation of multiplication by the independent variable t on L 2 (0, 1) with 
Lebesgue measure: then < Y < 1. Let r = (1,1). Suppose that I is analytic at the 
point (1, —1): then the scalar function 

/(A) = (/(A)1,1) 

is analytic at (1,-1), where 1 denotes the constant function equal to 1. We have, for 

AGD 2 , 

, m /" 1 tAi + (l-t)A 2 -AiA 2 ,. 
/(A) " L l-(l-t)A!-tA 2 dt 
/■1 1 _ (i_ Al) (i_ A2 ) 

7o (Ai - A 2 )t + 1 - Ai 

= 1 - (1 " AlKl " A2) [log((Ai - A 2 )t + 1 - A0]S 

Ai — A 2 

= 1 - (1 ~ Ai)( \~ A2 W (i - ^) - ^g^ 1 - a oi. 

Ai — A 2 

Here we may take any branch of log that is analytic in {z : Re z > 0}. Since / is analytic 
in a neighborhood of (1, —1), we may let A 2 — > —1 and deduce that, for some neighborhood 
U of 1 and for A x € U D D, 

/(Ai, -1) = 1 + 2^ 1 [log 2 - log(l - Ai)]. 
1 + Ai 

It is then clear that /(., —1) is not analytic at 1, contrary to assumption. Thus /(.) is not 
analytic at (1, —1), even though (1, —1) ^ r. 

4. Directional derivatives and slope functions 

In this section we study the directional derivatives of a function cp £ <S 2 at a carapoint on 
the boundary. One of the main results of [3], namely Theorem 7.14, asserts the followingj. 



Actually the theorem is slightly more general in that it treats carapoints of ip in the topological bound- 
ary of D 2 . 
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Theorem 4.1. Let r € T 2 be a carapoint for tp £ S. There exists a function h in the Pick 
class, analytic and real-valued on (0, oo), such that the function z h-> —zh(z) also belongs 
to the Pick class, 

fe(l) = -liminf 1 ~ l ,y > y 1 (4.1) 

A ^ 1-llAlloo 

and, for all 5 € H, 

Z>_^(r) = ^(r)75(y 2 /» f||) . (4.2) 

With the aid of generalized models we shall present an alternative, more algebraic, 
proof of this result. At the same time we obtain further information about directional 
derivatives at carapoints. We need a simple preliminary observation. 

Lemma 4.2. If "H is a Hilbert space and Y is a positive contraction on ri, then 

is a well-defined £(H)-valued analytic function on C\ (— oo, 0]. Furthermore, Im H(z) and 
— Im zH(z) are both positive operators for all z £ II, and H(z) is Hermitian for z S (0, oo). 

Proof. For any zgC, the spectrum o"(l — Y + zY) is contained in the convex hull of the 
points 1, z, by the spectral mapping theorem, and therefore (1 — Y + zY)~ l is an analytic 
function of z on the set C\(— oo, 0]; it clearly takes Hermitian values on the interval (0, oo). 
For any z S II we have 

Im (1 - Y + zY) = (Im z)Y > 0, 

and since — Im T _1 is congruent to Im T for any invertible operator T, it follows that 

Im H(z) = - Im (1 - Y + zY)- 1 > 0. 

Similarly 

1 —Y + zY 1 — Y ( 1 \ 

- Im (zH(z)) = - Im = - Im = (1 - Y) Im — > 0. 

z z \ z) 

□ 

Proof of Theorem 14.11 Let (a, /?, 7, D) be a realization of 99, associated with a model (£, v), 
and let (M,u,I) be the desingularization of this realization at r. By Theorem 13. 6( r is a 
C-point of (M,u,I), and so there exists u T G A4 such that 

lim u\ = u T 

. nt 

and, for all X, n G D 2 , 

l-rtfi<PW = ((1 " I*WW)u x , Ufi ) . (4.3) 

Take limits in the last equation as \i — > r to obtain 



l-<p(T)<p(X) = {(l-I(X))ux,Ur). 

On multiplying through by —<p(r) we deduce that 
^A)-^(r) = ^(r)((J(A)-l)u A ,« r ) 

= tpir) ((/(A) - lK.Ur) + <p(r) ((/(A) - l)(n A - u T ),u T ) . (4.4) 
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Let 5 £ H(r), so that Xt = r — tS 6 B 2 for small enough t > 0. Then, from equation 

dan}, 

j (Ai) _ i = /(r _ t s) - 1 = -nf 2 _ rxw f^ .,..„ 

1 - ri(At)i(l - r ) - T 2 (A t ) 2 y 

= - T ^f 1 s 1 (i-Y) + f 2 6 2 Y- (45) 

In combination with equation (|4.4[) this relation yields 
V?(A t ) - v?(r) / <5i<5 2 



t \r 2( 5i(i-y) + ri<5 2 y 



^ (r) <r 2 * l( l-mr^^-^'^ 



and on letting £ — > 0+ we conclude that 



D„Mt) = -fir) ( T2Slil _ 6 y* +TlS2Y u r^ 

(^(t)t 2 (5 2 /i ' 



T\8\ 

where, for any z € LT, 

/i(z) = - / 1 _y, y "r, ^r ) = (H(z)u T ,u T ) ; (4.6) 

here i/(z) is as defined in Lemma 1-4.21 It is then immediate from Lemma 14.21 that h and 
—zh(z) belong to the Pick class and that h is analytic on C \ (— oo,0] and is real-valued 
on (0, oo). 

It remains to prove equation (|4.ip . From the definition (|4.6p we have 

h(l) = -\\u T f, (4.7) 

while from the model equation (|4.3p . for any A £ B 2 , 

l-|^(A)| 2 = || UA || 2 -||/(A)n A || 2 . 

Let Aj = r — £t for t > 0. By equation (14. 5p we have 

/(A t ) - 1 = -t, 

and so, for small enough t > 0, 

1 - ^(A,)! 2 = IKf - ||(1 -t)u Xt \\ 2 = (2i-i 2 ) ||n At || 2 . 

We also have 

IMIoo = ll T - tT lloo = (!-*) ll T lloo = ! - *. 

and so 1 — A* = 2i — £ > for small t. Hence 



l-|y(A t)| 2 
1-llAtlioo 
and therefore 



I 1 1 2 



l-|y(A t )| l-|^(A f )| 2 2 2 

hm — n — = hm T5 — = hm \\u\ f \\ = \\u T \\ 

t-fo+l— A* L. *^o+ l — IIA+II *->o+ 
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Hence, by equation (14.71) . 

m _ _ lim IzMM. 

*^o+ l-|Mloo 
However, it is known that, for any carapoint r of p, 

lim^^yUliminf 1 -',^', 

*~*°+ 1 — HAtHoo A^r 1-HAIU 

(see for example [8] or |3l Corollary 4.14]). Equation (|4.ip follows. D 

We shall call the function h described in Theorem 14.11 the slope function of ip at the 
point r. Thus h is the slope function of p at a carapoint r£T 2 if, for all <5 € H(r), 

D-^(r) = ^(r^z/i (^| J • (4.8) 

The foregoing proof shows that slope functions have the following representation. 

Proposition 4.3. Let r G T 2 be a carapoint for a function p £ S2- There exists a Hilbert 
space M., a vector u T eM and a positive contractive operator Y on M. such that, for all 

z en, 

h ^ = -( 1 _Y + z Y UT,Ur )- (49) 

5. Integral representations of slope functions 

Theorem 14. II tells us that the directional derivative of a function ip € 52 at a carapoint 
is encoded in a slope function h belonging to the Pick class V such that —zh is also in 
V. In this section we derive a representation of functions h with this property. To obtain 
such a description we shall need the following well-known theorem of Nevanlinna [10] , or 
see Section II. 2, Theorem I]. 

Theorem 5.1. For every holomorphic function Frail such that ImF(z) > there exist 
c € M., d > and a finite non-negative Borel measure \x onM such that 

F{z) = c + dz + - t-Ltldiitt), (5.1) 

vr y.^ t - Z 

for all z € n. Moreover, the c, d and \x in the representation (|5.ip are uniquely determined, 
subject to c € K, d > 0, fj, > and //(M) < oo. 

Conversely, any function F of the form f)5.1|) is in the Pick class. 

We shall also need another classical theorem - the Stieltjes Inversion Formula [TJ Section 
II. 2, Lemma I]. 

Theorem 5.2. Let V be a nonnegative harmonic function on H, and suppose that V is 
the Poisson integral of a positive measure \x, on R: 

V(x + iy) = cy+ y - ^ d ^ 2 (5.2) 

vr J_ oc (t-xy+y 2 



for some c > and all y > 0, where 



ool + t 2 



< oo. (5.3) 
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Then 

lim / V(x + \y) dx = M ((a, b)) + |^({a}) + |//({6}) (5.4) 

y^°+ 7a 

whenever — oo < a < b < oo. 

We can now identify the class of /i G P such that — z/i G "P. 

Theorem 5.3. TTie following are equivalent for any analytic function h on II. 

(i) h, -zh G P; 
(ii) /i G P and i/ie Nevanlinna representation of h has the form 

h(z) = c + dz + - / -du(t) 

IT J t- Z 

where 

(a) d = 0, 

(b) M(0,oo)) =0 and 

(c) c< - t d(i(t); 

(hi) i/iere exists a positive Borel measure v on [0, 1] such that 

Proof. (i)=>(ii) Let h and — z/i be in the Pick class. Then there exist unique c, c' G 
R, d, d' > 0, and finite positive Borel measures /i, v on K such that 

h(z) = c + dz + - / -^-^dfi(t) (5.5) 

and 

- zh(z) = c' + d'z + - / — —du(t). (5.6) 

If z = x + iy, where i,y£K, then 

Im — - — = Im t) = (1 + t 2 ) Im = (1 + i 2 ^ 



£ — z \t — z J t — z (t — x) 2 + y 2 

Hence 

■k J (t-xy + y 2 

Im(-zh(z)) =d'y + ^ [ L— -(1 + £ 2 )d^(£). 

vr J [t-xy+y 1 

Since Imh is nonnegative and harmonic, Theorem 15.21 implies that 

rb 



2/->o J a 
and 



lim / Im h(x + iy)dx = /x((o, 6)) + ^ {a}) + ^ ( W) (5.7) 

^0+ 7a 2 

lim / Im(-z/i(z))dx = i/((o, 6)) + !^Ml±il^ll , ( 5 . 8 ) 

^0+ 7a 2 



Note that 

Im(— z/i) = — Im((x + iy)h) = —x Im h — y Re /i, (5-9) 
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and so 



r-b r-b r-b 

lim / Im(— zh(z)) dx = — lim / xlmh(x + iy) dx — lim y / Reh(x + iy) dx. 

1^0+ J a y^O+Ja V^ + J a 

(5.10) 

r-b 

Ay = I xlm/i(x + iy) dx 

J a 
r-b 

By = y I Re h(x + iy) dx, 

J a 
f" 

lim / Im(— zh(z)) dx = — lim A v — lim B v . (5.11) 

<-40* J a V^0+ y^0+ 



u 
Now let 

and 

so that 



r-b 
?/->0+ J a 

Lemma 5.4. For any a, b £ M suc/i i/iai a < b 

rb 

. B„ = lim v I 
Proof. In view of the representation (|5.5p of fo we have 

r-b 



r-b 

lim 5„ = lim w / Re/i(z) dx = 0. 



By = y[ Re [ HfetM d/ ,(t) dx 
7a 7 t-x-iy 



where 



7a 7 (t - ^) 2 + y 2 

/• 6 /• (l + £x)(t-x)-£y 2 , ., , 

, f I ('-*)a + ('-*)*+*V^-^-V dMt) dx 

1/ / f xC 2 + (l + x 2 - y 2 )d - xy 2 C dfi(t) dx (5.12) 



(t — x) 2 t — x 



Co = - -h k, C 1 ! = -; ^ k and Cn 



(t — x) 2 + y 2 ' (t — x) 2 + y 2 (i — x) 2 + y 2 

For all i,x inR and y > we have C2 < 1 and Co < 1/y 2 , and so 

\xC 2 -xy 2 C \ < 2|x|. (5.13) 

Choose iV > 1 + max{|a| , |6|} such that fi({N, -N}) = 0. Then 

/ / \xC 2 - xy 2 C \ dfi(t) dx < / 2|x| dfi(t) dx 

Ja J Ja J 

r-N 

< n(R) / 2|x|dx 

= 2N 2 /i(R). (5.14) 
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It is then immediate that 



lim y / / \xC 2 - xy 2 C \ dfi(t) dx = 0. (5.15) 



For \t\ > N, a < x < b we have |i — x\ > 1, hence |Ci| < 1 and so 

/ / \(l + x 2 + y 2 )d\ dfi{t) dx < I + x 2 + y 2 dfi{t) dx 

Ja J\t\>N Ja J 

</i(E)(l + iV 2 + y 2 )(6-a). (5.16) 

On the other hand, when \t\ < N and a < x < b, 

\{l +x 2 +y 2 )C l \<{l + N 2 + y 2 )- 



(t-x) 2 +y 2 ' 

On making the change of variable s = \t — x\ and observing that < s < 2N when \t\ < N 
and a < x < b, we find that 



/ \{l+x 2 + y 2 )C 1 \ dx < 2(1 + N 2 + y 2 ) [ 

Ja JO 



2N sds 



s 2 + y 2 
= (1+N 2 + y 2 ) (log(4iV 2 + y 2 ) - 2 log y) , 

and therefore 
[ d/M(t) f \(l+x 2 + y 2 )C 1 \dx<n(R)(l + N 2 + y 2 )(log(4N 2 + y 2 )-2logy)<oo. 

J\t\<N Ja 

(5.17) 
It follows from the Fubini-Tonelli theorem that the order of integration can be reversed, 
and on combining the estimates (j5.16[) and (|5.17p we find that 

J I |(1 + x 2 + y 2 )d\ d/i(t) dx</i(E)(l + iV 2 + y 2 )[6-a + log(4iV 2 + y 2 )-21ogy], 
from which it is clear that 

rb 



limy/ / |(l + x 2 + y 2 )Ci| dft(t) dx = 0. 
~>°+ Ja J 



y^o+ Ja 
On combining this statement with fj5. 15f) we conclude that 

lim y I I \xC 2 + (1 + x 2 + y 2 )C x - xy 2 C \ d/i(i) dx = 
y^o+ Ja J 

and hence, by equation (|5.12p . that B y — s> as y — > 0+. D 

Since Im /j>0we have 

rb rb 

a / Im h(x + iy) dx < A y < b / Im h(x + iy)dx. 

J a J a 

Combining this inequality with (|5.7p we find that 



/i(o, 6) + - ru J M < tai_ ^ < 6 U(a, b) + 2 PU J M 
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and so, in view of equation (J5.8J) . for all a < b, 

. h („ (a , b) + MW)±MM) < H{a , b)) + WW)^(W) (5 . 18) 

<_ a ( pM + *!Ml). (5 . 19) 

As this inequality holds for all a < b E R, we can let a = and 6 > 0. Then 

„((„,»)) + "(W) + "(W)< , 

But as v is a positive measure, this implies that i/((0, oo)) = and ^({0}) = 0, i.e. 
i/([0,oo)) =0. 

Now let < a < b. Then 



„ („(„, b) + glMi) <(„(„, 6) + ■KW)+"(W)) 



0. 



But /i > 0, and so fi((a,b)) = 0. It follows that /i((0, oo)) = 0, which is to say that 
condition (b) holds. 

Fact 1. For t < 0, u({t}) = -*//({*}). 

Since /i, v are finite and positive, they can only have at most countably many point 
masses, and so we may choose a sequence of intervals (a n ,b n ) C (— oo,0) such that 
M{ a «}) = KJbn }) = v{{a n }) = v{{b n }) = 0, t e (a n ,b n ) for all n and f|( a n,^n) = {*}• 
Inequality (J5.18P implies that 

-b n /j,((a n ,b n )) < u((a n ,b n )) < -a n fi((a n ,b n )), 

and in the limit we obtain 

-*/*({*}) = Hit}) < -tfi({t}). 

If a is a finite positive measure on (— oo,0), we shall call a finite partition P = 
{x±, . . . ,x n }, where x\ < %2 < ■■■ < x n < 0, special for a if o~(P) = 0. 

Fact 2. If f is continuous on (— oo,0) with compact support and e > 0, there exists a 
partition P that is special for a such that 

J fda-S(f,P) 

where S(f, P) denotes the Riemann sum of f over P. 

Lemma 5.5. If f is a continuous function of compact support on (— oo,0) then 



<e, 



J fdfi = J f(t)tdu(t). 



Equations (|5.5p and (|5.6h give us two different expressions for —zh(z): 

-z(c + dz + - / + dfj,(t)) =c' + d'z + - I + duit). 

\ IT I t- Z ) IT I t - Z 



Hence, by Lemma 15. 5 



-z ( c + dz + - / d/i(t) ) = c' + d'z + - / (-td/j,(t)). 

\ vr J t- Z J 7T J t- z 
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We may rearrange this equation, in order to compare polynomials, obtaining 



c + (d! + c)z + dz 2 = - / -(t - z) d/x(t) 

■k J t- z 



= - (l + tz) d//(t) 

We immediately see that 

c = — dfi, d! + c = — t dfi(t) and d = 0. 
vr J n J 

The last of these statements is condition (a) in (ii). Since d 1 > the second statement 
tells us that 



c<d' + c= It dju(t), 



which is condition (c). This concludes the proof that (i)=>(ii). 

(ii)=>(iii) Suppose that h € V has a Nevanlinna representation that satisfies conditions 
(a)-(c) of (ii). Then, for z € n, 

h(z) = c + - / d//(i) 

= c-- t dfi{t) + - / — — d/i (t . 5.20 

7T J TT J t — Z \ — t 

Since the indefinite integral of i-^r- dyu(i) is a finite positive measure on (— oo,0], we 
may define a finite positive Borel measure v on [0, 1] by 

u({0}) = - ft d/i(t)-c, (5.21) 

i/(J5) = - / l -^- Mt) (5.22) 

for any Borel set E C (0, 1], where E = {1 — 1/s : s 6 i?}. 

With this definition, if -0 is a continuous bounded function on (-co, 0], 

;/«<)^«) = / *(l-i)<M.). 
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From equations (|5.20p and (15.221) . 

= -KM) + / - \ s) Ms) 

7(0,1] l-s~ Z 

= -KM) + / y du(s) 

J (0,1] s-l-sz 

K{o» + / z — l — - M») 

J (0,1} l-s + sz 

: di/ ( s )> 

[o,i] 1-s + sz 

which completes the proof that (ii)=>(iii). 

(iii)=>(i) Suppose that u is a positive finite Borel measure on [0, 1] and 

h(z) = - I 1 -—M*) 

J 1 - s + sz 

for all z € II. Let Y be the operator of multiplication by the independent variable s on 
L 2 (y). Evidently Y is a positive contraction, and hence, by Lemma 14.21 f° r an y z £ li, 
the operators 

-Im (l-Y + Yz)' 1 and Im (z(l - Y + Yz)~ l ) 

on L 2 {y) are positive definite. Since 

Im "< Z > = - Im /r^i d "(») = <- Im t^ytyi 1 ' 1 ) LH ^° 

and likewise 

Do (-,/.(,)) = Im / T -i_ d»(.) = (im ^^^1. l) i2M > 0, 

it follows that (i) holds. D 

The proof shows that if h and —zh belong to V then h is analytic on (0, oo). 

6. Functions with prescribed slope function 

In this section we prove a converse to Theorem 14.11 we construct, for any function 
h G V such that —zh € V, a function (p E S2 with slope function h at a carapoint. 

We shall need the following simple observation about the Cayley transform (an apli- 
cation of the quotient rule). The two-variable Herglotz class is defined to be the set of 
analytic functions on D 2 with non-negative real part. 

Lemma 6.1. If f is a function in the two-variable Herglotz class then the function ip on 
B 2 given by 

1-/ 
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belongs to £2- Furthermore, if t G T 2 is such that the radial limit 

/(r) = lim f(rr) 
j — >1— 

exists and is not — 1 and if the directional derivative D_gf(r) exists for some direction S, 
then so does D_^{r), and 

-2D. s f(r) 
D -Mt) = (1 + /(T))2 - (6- 1 ) 

Recall that x denotes the point (1,1). 

Theorem 6.2. IfhGV and —zh G V then there exists ip G S2 such that \ is a carapoint 
for ip, (p(x) = 1 an d h is the slope function for ip at \. 

Proof. By Theorem 14.11 there exists a positive Borel measure v on [0, 1] such that 

Define a family of functions f s on D 2 for s G [0, 1] by 

1 + Ai . , H ,l + ^\~ 1 



fsW=(s-^^ + (l-s) 



1 - Ai 1 - A 5 

For any A G D 2 the denominator on the right hand side is a convex combination of two 
points in H, hence belongs to H. Thus / s lies in the two-variable Herglotz class for 
< s < 1. Moreover, for < r < 1 and every s G [0, 1], 

and hence the radial limit 

fs(x) = lim fs(rx) = lim ^— — 
exists and is zero. We compute D_sfs(x)- 

f s ( X - td) - f(x) __ 1 ( „ 1 + 1 - t5 1 + _ 1 + 1 - tf 2 



t \ 1- (i-tfi) 'i-(i-t<y : 

2 2 x _1 

1 ^5 2 



2, 



2 (1 - S )S 1 + s<5 2 - ^<5k5 2 
On letting t — > we obtain 



•3) 



0-«/.(x) = l n y 2 , . ■ (6.4) 

2 (1 - s)di + SO2 



Define a function / on D 2 by 

/(A) = 
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Since Re / S (A) > for every s € [0, 1], it is clear that / lies in the two- variable Herglotz 
class. Furthermore, in view of equation (|6.2p . for < r < 1, 



f(rx) = ^-^[0, 1] (6-5) 

1 + r 

and / has radial limit at %: 

f(x) = lim ( fsirx) dv(s) = Hm / \^- di/(s) = lim i/[0, 1]^ = 0. (6.6) 

Let us calculate the directional derivative of / at x i n the direction —5 where 5 € H x HI. 
Equation (|6.4[) suggests that 

£>-*/&) = J / n ^~ , di/(«). (6.7) 

2 7 (1 - sjdi + sd 2 

We must verify that this is correct. By equation (|6.3|) . we have, for small £ > 0, 

f(x-td)-f( X ) 1 / <5i<5 2 

ui+s) 

h6 2 d ,, 

2 J (1 - s )6i + s6 2 - \t6 x 5 2 (1 - s)Si + s6 2 U{S) 

6±6 2 f \t8i6 2 du(s) 



t 2 7(1- s)6i + s6 2 

f S\S 2 Si5 2 



2 J ((i- s )6 1 + s 5 2 -±t8 1 5 2 )((l-s)5 1 + s6 2 y 

Since 61,62 € H, the distance if from to the convex hull of {5i,52} is positive. For 
sufficiently small t > we have, for all s € [0, 1], 

|(l-s)Si + S( 52-i£<5i<5 2 |>iir, 

and for such t the denominator of the integrand in equation (|6.8|) is at least -^K 2 . It 
follows that, for small enough t, 

f(x~tS)-f(x) 1 f h6 2 



Ms] 



t 2 7(1- s)6i + s6 2 

and hence equation (|6.7p is correct. 
Let <f be defined by 

1-/ 

We claim that x is a carapoint for 93. For any A € B 2 , 

1-|^(A)[ 2 4 Re /(A) 



" 2K 2 ' 









l-IIAH 2 . 


(l-ll 


Aiiyii + /(A)i 2 


and so 


by equation 


dSSD, 












1 
1 


- b(^x)l 2 

II 119 

II ' Alloo 




4i/[0, 1] 




(1 + r 


+ (l-r)z,[0,l]) 2 










-> "[0, 1] 


as r — )• 1 — . 


Hence 






lim inf — 


-|^(A)| 2 

11X112 


< i/[0, 1] < 00 


and x 


is a carapoint for ip. 
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In view of equation (I6.6P it is clear that <p has radial limit 1 at Xi that is to say, <p(x) = 1- 
By Lemma 16. 14 f lies in 1S2 and has directional derivative at x given by 



D-s<p(x) 



;i+/(x)) 



2 



Thus ft, is the slope function for <p € 1S2 at the point X- D 

By a simple change of variable we obtain the following. 

Corollary 6.3. Let uj £ T, let t £ T 2 and fe£ /i, —zh(z) S "P. There exists a function 
<p & S2 having a carapoint at r such that </?(t) = u> and /i is the slope function of ip at r. 

7. NEVANLINNA REPRESENTATIONS IN TWO VARIABLES 

The following refinement of Theorem 15,11 also due to Nevanlinna, is the main tool in 
one of the standard proofs of the Spectral Theorem for unbounded self-adjoint operators 

El- 
Proposition 7.1. Let h eV. If 

lim ylmhiiy) < 00 (7-1) 

y— >oo 

then there exists a finite positive measure fi onM. such that, for all z G II, 



For a proof see [U] . 

In this section we shall generalize Proposition 17.11 to two variables. We need an analog 
for the Cauchy transform formula (|7.2|) . The closest one we can find involves the two- 
variable resolvent of a self-adjoint operator Bona Hilbert space M, to wit 

h{ Zl ,z 2 ) = b-((B + Zl Y + z 2 (l - Y))" 1 a, 



a 

for some b € R, a € M and some positive contraction Y on A4. In an earlier paper [H 
Theorem 6.9] we obtained a somewhat similar result, but with the unsatisfactory feature 
that the representation obtained was not of h itself but rather of a "twist" of h. The use 
of generalized models enables us to remedy this defect. 

The growth condition (|7.ip is expressible in terms of carapoints of the Schur-class func- 
tion ip associated with h by the definition 

,. . h(z) — i . . 1 + A . 

h(z) +z 1 — A 

Let us establish the corresponding assertion for functions of two variables. We denote by 
Vi the two- variable Pick class, that is the set of analytic functions on II 2 with non-negative 
imaginary part and we recall that x denotes (1,1). 
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Proposition 7.2. Let h € Vi and let (p £ S2 be defined by 

M-mTi «*-*-'£& i-^ < 7 - 4 > 

for A € II 2 . The following conditions are equivalent. 

(1) liminf^ooylm h(iyx) < 00; 

(2) liniy^oo y Im h{iyx) exists and is finite; 

(3) x i s a carapoint for (p and <p(x) ¥" 1/ 

(4) (0,0) is a carapoint for the function H € V2 given by H(z) = h(—l/zi, — \jz<i). 

Proof. (2)=>(1) is trivial. 

(1)=>(3) Suppose (1) holds and let j3 be the limit inferior in (1). There is a sequence 
(y n ) in R + such that y n — > 00 and 

lim y n Im h(iy n x) = /?■ 



Let 






Then y n = ._" and r n — > 1— as n — >• 00. From the relation 



l-b(A)| 



%n + i Vn + 1 
From the rela 

2 41m /i(z) 



we have 



1- \<p(r n x)\ 



\h(z)+i\ 2 
2 41m h(iy n x) 



\KWnX) +A 2 ' 
Since \h(z) + i| > 1 for all z € n 2 , 

1 - \v{rnX)\ 2 < 41m h(iy n x)- 



Similarly 



i _ II l|2 _ 1 _ 2 _ 4Im ^n 

1 IFnXlloo - l r n - |- , -| 2 

I'yn ~r 'I 

4y n 



Hence 



1 - FnXllSo %n 

— > /3 asn-> 00. 



Consequently 



l-|^(A )j 2 
A->*~ 1 - || A 
and so x is a carapoint for ip. 

By the Caratheodory- Julia theorem for the bidisc [BJ[3], 

defl . . l-Wf i-|^x )l 2 

lmint „ — = nm 

A^x 1 — A jL r-n- 1 — r 



liminf — ^— -= — < f} < 00, 



a = liminf — \f^u2 — = ^™ i 2 > ^ (7-5) 
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and /? 7^ since a < (3. Now for any r € (0, 1), y = j^p, a simple calculation shows that 

1 + r l-\ip{r X )\ 2 



ylm h(iyx) 



1-r |1 -if(rx)\ 2 
(1 + r) 2 l-|^(rx)| 5 



|1 — f(rx)\ 2 1 — r 2 
On putting r = r n and letting n->oowe find that 



(7.6) 



hm |l-¥»(r nX )| 2 = ^^0. 

n— >oo p 

Thus y»(x) / 1. Hence (1)=>(3). 

(3)=>(2) Suppose (3). Then the quantity a defined by equation (|7.5p satisfies < a < 
co. On letting y — > oo (and hence r — > 1 — ) in equation ()7.6[) we obtain 

4a 
lim ylm /i(iy%) = T rT r I , 

and so (2) holds. 

(2)4^(4) According to the general definition of a carapoint in Section [H (0, 0) is a 
carapoint for iJ G V<i if 

,. . - Im #(*) 

hmmf p- ^ < oo, 

2->(o,o) mm{lm zi,Im z 2 \ 
and by the two- variable Caratheodory- Julia theorem [SJE], this is so if and only if 

. Im H(irjx) .. . , Im h(ix/rj) 
hmmf = hmmf < oo. 

77— >0 Tj r/->0 Tj 

On setting y = 1/rj we deduce that (2)^=>(4). D 

We shall say that 00 is a carapoint for /iG^ with finite value if the equivalent conditions 
of Proposition 17.21 hold. We define the value h(oo) in this case by 

h(oo) = lim h{iy X ) = #(0,0) = i ] + (P ^\ 

y^°° 1 - fix) 

where H, cp are as in Proposition 17.21 There is also a notion of carapoint of h with infinite 
value: see |U Section 7]. 

Here is our generalization of the Nevanlinna representation (I7.2p to the two-variable 
Pick class. 

Theorem 7.3. The following statements are equivalent for a function h : II 2 — >■ C. 

(1) h is in the Pick class V2, 00 is a carapoint for h with finite value; 

(2) there exist a scalar b £t, a Hilbert space Ai, a vector a £ M, a positive contrac- 
tion Y on M. and a densely defined self-adjoint operator B on M such that, for 
all z 6 il 2 , 

h(z) = b-({B + Zl Y + z 2 {\ - Y))~ l a, a) . (7.7) 
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Proof. We begin by observing that the inverse in equation (17. 7p exists for any z € II 2 . 
Write z\ = x\ -\- iyi, Z2 = X2 + iy2, with x\, X2 € M and j/i, 7/2 > and let T = B + z{Y + 
2:2(1 — Y). We have, for any u £ Ai, 

Im (Tu, u) = j/i (Yu, u) + j/2 ((1 — Y)u, u) 
> mm{y 1 ,y 2 }\\u\\ 2 , 
and therefore 

\\Tu\\ \\u\\ > I (Tu,u) I > Im (Tu,u) > min{7/i, j/2} IMI ■ 

Thus the operator T has the positive lower bound min{yi, 2/2}) and so has a left inverse. A 
similar argument with Zj replaced by its complex conjugate shows that T* also has a left 
inverse. Hence B + z{Y + 212(1 — Y) is invertible for all z € II 2 , and clearly the two- variable 
resolvent (B + 21Y + 22(1 — Y))" 1 is analytic on II 2 . 

(2)=>(1) Suppose that a representation of the form (|7.7p holds for h. Then h is analytic 
on II 2 . For any invertible operator T, Im (T _1 ) is congruent to — Im T, and so 

Im (B + z{Y + 22(1 — Y))~~ l is congruent to — (Im z\)Y — (Im 22)(1 — Y). 

Since the last operator is negative, it follows that Im h(z) > for all 2 € II 2 , and so 

h£V 2 - 

To see that 00 is a carapoint for h note that 

ylm h(iyx) = -ylra ((B + iy)~ l a,a) . 

Now 

Im (B + iy)" 1 = -y(B + iy)~ 1 (B - iy)" 1 . 
Let the spectral representation of B be 

B= ftdE(t). 

Then 

ylm h(iyx) = y 2 ((B + iy)~ l (B -iy) _1 a,o;) 

(dB(t)a,a) 



t 2 + y 2 
/ (d^(i)a, a) = ||a|| 2 as y — > 00 



by the Dominated Convergence Theorem. Hence 00 is a carapoint for h with finite value. 

(1)=>(2) Suppose that (1) holds and let (p € £2 be the Schur-class function associated 
with h by equations (|7.4j) . By Proposition [721 X = (1) 1) is a carapoint for 95 and (p(x) ¥" 1- 

By Theorem 13.61 there exists a generalized model (A 7 !,^, I) of (p having x as a C-point 
and an accompanying unitary realization (a,P,j,Q) of (M,u,I) with ker(l — Q) = {0}. 
Moreover / is expressible by the formula (I3.7h (with n = T2 = 1) for some positive 
contraction Y on Ai. Thus 

'a 1 <g> P 

7®1 <5 



L 
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is unitary on C ® M. and 
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L 



1 \ = MA) 
J(X)u x J \ u x 

We wish to define the Cayley transform J of L: 

l + L 



(7.8) 



J 



l-L 



Of course 1 — L may not be invertible, and so we define J as an operator from ran(l — L) 
to ran(l + L) by 

J(l - L)x = i(l + L)x. (7.9) 

This equation does define J as an operator, in view of the following observation. 

Proposition 7.4. If \ is a B -point for tp such that (p(x) ^ 1 and (a,/3,7,Q) is a realiza- 
tion of a generalized model of ip such that ker(l — Q) = {0}, then ker(l — L) = {0}. 



Proof. Let x G ker(l — L) cC®M and suppose i/O. Since ker(l — Q) = {0}, it cannot 
be that x £ A4, and so we can suppose that x = 



for some xq G A4. Then 



a 10/3 
7®1 <2 



a + (x ,6) = 1 
(1 - Q)x = 7. 



(7.10) 



(7.11) 



which implies that 

and hence 

By equation (J7.8D . 

u A = 7 + QI(AK- (7.12) 

Since x is a C-point of the generalized model (A4,u, I), there is a vector u x G M. such 
that u\ — > u x as A — > x- O n taking nontangential limits in equation (17.12p we obtain 

u x = 7 + Q%, 

and so 

(1 - Q)u x = 7. (7.13) 

On comparing this relation with equation (|7,lip and using the fact that ker(l — Q) = {0} 
we deduce that xq = u x . Again by equation (17. 8h , 

<p(\) = a + (I{\)v x ,P). 

lit 

Let A — > \: then /(A) — > 1 and so 

¥>(x) = a+ (u x , (3) =a+ (x , /3) . 

In view of equation (I7.10p we have <f(x) = 1 5 contrary to hypothesis. Thus ker(l — L) = 
{0}. □ 



2S 
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Cffi.M is well defined by equation (|7.9p . Moreover 



We have shown that J : ran(l — L) — > 
ran(l — L) is dense in C © .M, since 

ran(l - L) L = ker(l - L*) = ker(l - L) = {0}. 

Thus J is a densely defined operator on C © Ai, and since L is unitary, J is self-adjoint. 
The next step is to derive a matricial representation of J on C © Ai . By the definition 
()7,9|) of J and equation (|7.8j) . 



J(l-L) 



1 



and therefore 



/(A)«A 

1 - ^(A) 
r (A) 

Divide through by 1 — 93(A) to get 



»(1+L) 



1 



/(A)u A 



1 (J(A) - 1« A J " U (J(A) + IK 



J J(A) - 1 
Vl-^(A) 

Define v : n 2 — > .M by 

u 2 = 
Recall that (compare equation (I3.17P ) 

/(A) - 1 = 



"A 



/ l + y(A) \ 

l-^(A) 
. J(A) + 1 



-wa- 



/(A) - 1 
l-^(A) 

(Ai - 1)(A 2 - 1) 



i-Ai(i-y)-A 2 y : 

and hence /(A) — 1 is invertible for A £ B 2 . We have 

/(A)-l 

.l-^(A) 



./(A) + l ./(A) + l 

' = 1 7(aFT 

■ 1 + J(A) 



1 - <p(\) 



"A 



1 - /(A) 

A straightforward calculation now yields the appealing formula 

,1 + /(A) 



'l-I(A) 



^y + z 2 (i-y). 



Thus equation (|7.14p becomes 



J 



1 



( Zl y + Z2 (l_y))^ 



We wish to write J as an operator matrix 

J 



b 1 ©a 
a® 1 £ 



(7.14) 



(7.15) 



(7.16) 



(7.17) 
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'1 



2!) 



on C M., but in order for this to make sense we require that ( „ ) be in the domain of 



J, which is ran(l — L). We must show that there exists a vector 



1-a -10/3 c\ 1 

-7 1 1 - Q \ \x) ~ { 

which is to say that there exist c € C and x € KA such that 

c(l-a)-(x,/3) = l, 

-erf + (1 - Q)x = 0. 

Since fix) 7^ 1 we may choose 



such that 



(7.18) 



1 



cu 



V 



1 -¥>(*)' 

and by virtue of equation (|7.13p . c, a; then satisfy equations (|7.18p . Accordingly equation 
(|7.17p is a bona fide matricial representation of J on C Ad for some b £ R, some a € A4 
and some operator Z? on KA. One can show that in fact B is a densely defined self-adjoint 
operator on A4; the details can be found in, for example, [H Lemma 6.24]. 
Equation (J7.16P now becomes 

h(z) 



b 
a (8)1 



10a 



1 



,/ 



( Zl Y + z 2 (l-Y))v, 



and so 

Thus 

and finally 

Therefore (1)=>(2). 



( 2l y + ^ 2 (i-F))^ 



6- 

o 



5^. 



u 2 



Hz) 



(B + z 1 Y + z 2 (l-Y)y 1 a 1 
(B + z 1 Y + z 2 (l-Y)y 1 a, 



a 



a 



Some generalizations of Nevanlinna's representation theorems to several variables can 
be found in [5]. 
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